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1. Let the equations for perturbed motion be

{f-._X{xl,...,xm t) (i=1,2,...,n) 1.1

It is known that these admit p < n first integrals
Uy (@i, oo o n@ny )00, Up @y, 000, 20, 1)
which vanish for x, = x, = ... = x, = 0.

If we succeed in finding a functlon ¢ (U y eees U ) of the known
integrals, this function being definite w1th respect to the variables
Xyy veny Xy, then the stability of motion [ 1] can be deduced without
bringing into consideration other properties of the equations for per-
turbed motion,

It is natural therefore to begin the investigation with an examina-
tion of the conditions under which the simplest function of the known
integrals, this function being a function of fixed sign,

YUy oo Up)=U (2,0 oyatn, O) oo + UL (g, .0, Xay t)
is definite.
The following theorem holds.

Theorem 1. In order that there exists any definite function ¢ (U
vy Ub), of the known integrals, i1t is necessary and sufficient that
the function

QU o Uy =U oo cann )+ UG, o 2, 1)
be definite.
Necessity. Assume that a positive definite function ¢ (U y eeey U)

P
exists, whereas the function ¢ (U, ..., U ) is not deflnlte.
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According to the assumption the function ¢ (U cen, f(x y eees
x,,t) vanishes for x, = x, = ... = x,= 0. Since all the unctlons
Ul’ ..., U also vanish for the zero value of the x's, it follows that
the function ¢ (Ui’ vee, Up) must necessarily vanish.
In fact, UI(O, eeey 0, t) . U (0, ..., 0, t) = 0; consequently,

¢ (0, ..., 0) =500, ..., O, t)

If the function f(x,, ..., x, t) is positive definite, there exists
a positive definite functlon.f Xy veey xn), independent of the time,
such that f(x,, ..., x,, t) > fi(xl’ cee, %) for all t » ¢,.

If 8 (¢) is a positive minimum of the function f,(x,, ..., x,) on the
small sphere xl2 + x22 + e+ x2=¢€, and if S (6% > 0, then there
must exist a positive number 51(3) such that on the small sphere,
w(U,.”,%)>8JNdL

In fact, if such a number did not exist, the function ¢ (Ux' ey, U)
could become as small as desired on the sphere .2 + x,2 + ... + x % = ¢
and, because of its continuous dependence on U,, ..., U , the function
o U, ..., U, )= flx;, ..., %, t) could also become arbitrarily small.
Since the last function, according to the assumption, is bounded from
below on the sphere, the function s ({ei eeey U ) satisfies the condition
Y (Ui’ cee, Up) }31[5(€}j > 0 and is positive definite.

The sufficiency follows from the statement of the problem.

2. Continuing our discussion of the problem, let us prove the follow-
ing theorem.

Theorem. The function ¢ (U;, ..., U)) will be definite only when for
at least one of the 1ntegrals, say, U (x1, .eey %, t), it is possible
to find a pair of definite functions

ri(z? Lzt pi(el 4 )
such that
Uig(:ztl, ..y fl’rn, t)>ri

whenever

e 22> 0
U2+, +U11+U1|1+ U2 pi (g Az

Necessity. If ¢ (U, ..., U ) is definite and W(x » vee, x,) is also
definite and such that v W, .. U ) > W when x, + cee X, "2 s 0,
then

PWy, o Uy >0z ...+ Za?),
where 8 (xlz + oee. + X 2) is the minimum of W(xl, veey X ) on the sphere
xlz 4+ oeae + xn2 =€, and also, as it is not difficult to show, is a
continuous and definite function of the square of the radius. Since

QR(UI,.o»,Up)=l/Y12,+.--+Up2
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we can put

ri(xlz-]—...xn2)=pi(z12+...+xn‘3)x:—9(x12+...—}-xn’)
Sufficiency. The conditions of the theorem will be satisfied by the
function

W =min[p, (z2+ ...+ 2%, r, @+ ... + 2,%)]

which, obviously, will be continuous and definite, provided there exist
continuous and definite functions

g, (@4 ...+ Znl), r, (@24 ..z

From the proof it also follows that, if it is possible to select such
a pair of functions for any one of the integrals, then it can also be
selected for any other integral.

The practical significance of the mentioned theorem will become
evident in that case for which U, ..., Up do not depend explicitly on
time.

Corollary. If Uy «ov, U do not depend explicitly on time, then, in
order that ¢ (U veey U) ge definite, it is necessary and sufficient
that at least one of the functions U, (xi, «+v, %,) assumes only positive

values at all points, other than x, = ... = x_ = 0 for which

Ul(:rl,...xn)=...=Ui_1(xl,...,x,,)=
=V (@, Tn)= ... Up(®yy. .0, 2,) =0

Moreover, if the last condition is satisfied by at least one of the
functions U;(x,, ..., %), then it is satisfied by any other function.

The proof of this proposition is omitted.
The last result essentially simplifies the problem when, from any
p - 1 equations
Ul=...=U{_1=Ui+1:.-.=Up=0

it is possible to express any p - 1 variables, say x
terms of Xiy eeey Xy it

Tn-pte = [1(Z1s oo s Tnopir) o - - Tn = [pa (B1 - o o Tnmppa)

nept2? 00 Xp 10

If this can be done, then the problem of the definiteness of
v, ..., U}) will be determined from the definiteness of the function

V (xl? v e ey xn_p+1) = Ui (x]y .y yxn—p+1: fl? ... vfp—l)

with respect to the variables Zyy eeey X, o0 If, however, the above
mentioned operation can be carried out, but with fewer variables, then
the problem will be solved by examining the definiteness with respect to
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Tiv vees Xppih of the function

Vi@, o ooy Zaep) =UL @y o ooy Znptir J1o oo oy fo—i) +
+ Ul (zy, ..., Tneptics f1oe -+ s Jp—k)
which depends on less than n variables Xy eeen Xy i Here
Tnptitr =11 (B0« « o Tnoptk) - Zn = fp_x (T1, - ., Tnepr)

are the result of solving the equations UHi{x yoeees X)) = L=
UP(xl, ++ey x,) = 0 with respect to the last p — k variables.

3. Assume that the time-independent integrals U,, ..., U, being
holomorphic functions of thz variables Xgy eeey X, are of the form

n
Uk:alkxl'}_"'_i*ankxn "+‘ 2 aijkzixj—l—Xk (’c:'l) 2-'~P) (3'1)
‘ i =1
where aik, a; * are constants, and Xl’ <.+, X functions which do not
contain terms of lower degree than 3 with respect to the variables.

Consider the following cases: (a) the rank of the matrix (aik) is p;
(b) the rank of the matrix (aik) is less than p. If the rank is p, then
the linear forms

vy =01 e X Ty V=P L anPE,
are independent of each other.

Taking them as the new variables instead of Xy eees X, rewrite (3.1)
in the form

n

14 r n
k \ k Ty
Ur=vi+ 3 Bfowi+ 3 Bz + ) Bz + X0 =1,2...,p
= < L=
R jmpi1 bi=pt (3.2)

where ﬁg]‘k are constants, and X7, ..., X; are holomorphic functions of
Vyy eeny Uy Xosy eees X which do not contain terms of lower degree
tfixan 3 with respect to the variables,

If the first p —~ 1 equations of {(3.2) are solved for v,, ..., Vp.q @S

power series of Ul, ceny Upwl’ Ups Zppgr cetr X then this unique solu-
tion will assume the form
n
p—1 p~1 ) n n k
se=Ur— N BIUU;— 3 B/ Ui— 3 Boivpzi— 3 Bismzi+ Vs
i, j=1 i=1 j=p41 ij=pi1

je=p+1
k=1,2,...,p—1)

are functions of the same type as X,, ..., XP'

are put equal to zero and the result so obtained is

where Yi’ cens Yp_1

U, .., Uy,
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substituted into the last equation of (3.2), then

n n
0 P g2 b . P 1
Up=vp+Bpm™s + E Bivprs + D) B @+ 2
o pepel i,j=p+1

is obtained, where Z is a function of v_,

pt Xpr1r trer T the degree being
not less than 3.

From the last equation it is seen that U_°can assume values of differ-
ent signs, depending on the sign of v _. Hence, on the basis of the
Corollary of Section 2, we conclude tﬁat from the functions Ui, veny U;
it is impossible to construct a definite integral.

4. If among the forms v,, ..., v_, p— 1 are indegendent, which cor-
responds to the case when the rank of the matrix (ai }is p - 1, then
these p ~ 1 linear forms can be taken for the new variables. let such
forms be Uiy eees Vg and let the form v_ in terms of them be of the

p-1 .
form v, = y,vy + ool + YpeiVpet” Then the equations (3.2) assume the form

n
p-1 p-~-1 n

Up=vi+ 3 v+ DB v+ S Bl iz + X (k=1,2,...,p1
=1 iml Li=p
I=p
ki3
p-1 p—1 n ‘
Up =1+ ...+ YpmaVp1+ ) B owi+ D Bl vizi+ ) Bz + Xy
i, jei i1 i,j=p

jm=p

Solving the first p ~ 1 equations with respect to v , ..., v

..1’ we
obtain

P

T

p—1 p—1 n
— k k O k
=Up— NP Ui U; — D Bij Uizj— ) By @i +1s
i,j=1 iml i,j=p
i=p
Putting U,, ..., Ué_lequal to zero in these equations, we obtain
e
k
et =— ) By zi&; +1i° (k=1,2,...,p—1) (4.1)
i, j=p

0 0 .
where Yi y evey Yﬁ-l are functions of Yi, ceey Yﬁ-l when Ul' ceey Uﬁ-i
are all equal to zero.

Substituting the expressions (4.1) into the last equation of (3.2) we
obtain
n n n
Ul=—n > Bjogi—. .. —ypr X BG wizi+ 3 il ziz; + 2
i, J=p iy J=P 1, 3=p
where Z is a holomorphic function with respect to Xps e Xp of degree
not lower than three.
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If the quadratic form

k13
A 1 p=1 P
Z (—mBi—-.. — vty Bii A+ Bif) ziz;
i, j=p
is definite with respect to x_, ..., x,, then the function ¢ (Ul. cees
U ) = U, 24+ Up will also be definite, and the unperturbed motion
stable.

1f, however, this form is of variable sign, then it is impossible to
construct from the given integrals a definite function,

If the rank of the matrix (aik) is p — r, then replace Xip eees X

in the equations (3.1) by the new variables v,, ..., v o which are

linearly independent linear forms. Solving the first p — r equations with

-r

respect to v,, ..., Vs WE obtain
n
p=r k P-T i n x
vp=Up— 3 B Ul;— 3 By Uizi— X B2z + Y
i, jwil i1 i, jrmp—rti
je=perhl i’ (k:i,..., )—-—T)
Putting U,, ..., Up_r equal to zero, we obtain
o k
vy = — 2 Bij xity 4 ¥° (k=1,...,p—1)
i, j=p—r+1
Assuming that Vperpyr terr Up CAD be expressed in terms of Uiy vuny
vy, 10 the form
— 1 ,
Vpmrtr = Y001 oo b Y Vg o U =0 Y Opr

after the substitution of vlo, ey vp_?_ into the last r equations of the

system (3.2), we obtain

H

4 kp p— p—rtk .
Uprid= 2 (=1 B — v = Yo BT BTz X

i, jm=p—
PepmTHL (=1, 2,...,1)
0 0 .
where Xp-r~+1' .ee, X Y are functions of Xp-r-{»l' ceey Xp when Ul' eeey
U‘o , are all equal to zero.

As it was shown in Section 2, the function ¢ (U, ..., U ) will be
definite only when the function

(Uparsd)? -+ (U0) (4.2)

1s definite with respect to x X_.

perdi? TP Tn
The expansion of the function (4.2) in terms of the powers of the
variables begins with the form of degree 4.

n

Spr = 2 [ 2 (—1* ?’ijl“*‘- T Yp—r Blpw p—1+]‘)3 )

k=1 i, jep—r4+}
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For the definiteness of the function (4.2) it is sufficient that S

be definite with respect to Xpppyr vo0r Epe

When the rank p ~ r (r > 0) of the matrix (aik) does not change with
time and the modulus of at least one of the minors of order p ~ r of the
given matrix always exceeds a certain constant, then the method outlined
can be carried over completely to the case where aik, a, * and the
remaining coefficients of the expansion are continuous and bounded
functions of time.

Also it is not difficult to show that ¢ (U cees U ) will not be
definite when the indicated rank for at least one 1nstant of the time
t > t, becomes equal to p.

7. Consider now the question of the connection between the outlined
method and Chetaev’'s [2 ] method of selecting a definite linear bundle.

Let us indicate briefly the method of Chetaev. If the given time-
independent integrals are holomorphic functiohs of the variables, then
the constants A 10 rees )\p C., «v., C are selected in such a way that

1
the expansion of the function

AUy Uy =03Us 4+ MU+ CUR ..+ CU2
begins with a definite quadratic form.

By the theorem of Section 1 such constants can be selected only when
the function ¢ {U 1 eees U } is definite.

If the rank of the mat:rlx (alk) is p~ 1, the A, and C; can always be
selected in such a way that the conditions for the definiteness of the
quadratic form, with which the expansion of the function y (U, ..., )
begins, coincide with the conditions for the definiteness of the P
quadratic form R with respect to x_, ..., L In fact, in this case the
selection of A,, ..., A is unlque{y p0551b1e except for a common factor.

P
Put
;\1 "‘“Yl,...,)\p_lz-—-'y__, )‘77:1
Then P
p—1 .
K==W+ ...+ 0Up =R+ 3 (~vbij— . —vpa BiJ 7 -+ i) viv; +
id=1
Pt . ~
+ D=y — . =Y BT B vim + 27
i=1
i=p

where 7’ denotes the totality of terms of order not less than 3, or,
using some abreviated notations,

n
7—1 p—-1
K= 3 bijpw; 4 Nbijviz; + 2' b xiz; + 2’
1j=1 i=1 i, i=p

i=p
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If R is definite, then*

an'n en. n—i enn DR enp
O > 0, >0, >0
0, 1 Onml. n—1 Opm - - - em
and, in addition, Gn.i ne1 > 0, ..., Gpp > 0.

Since

XUy Up) =K+ CUL ... 4+C, U, 2

(the summation is to be performed up to p — 1, since v_ depends linearly
On Uy, wouy ¥ _1), it is clear that C,, ..., Cp.y can always be selected
sufficiently farge so that the inequalities

L Bn - - - Oy
O 3 | DA IO S ()
epwx,n M Bp-l, p——1+cp~1 eln e 911-}-6’1

are satisfied.

The fulfilment of these inequalities is sufficient in order for the
expansion of the function y (U,, ..., U}) to begin with a definite
quadratic form.

A similar statement, however, cannot be made if the rank of the matrix
(aik) is less than p ~ 1.

It is easy to show that from the known integrals a definite bundle can
be constructed only when it can be constructed from any system of p
integrals, each of which is a linear combination of the initially given
integrals, and the linear substitution is non-singular.

In what follows it is more convenient to consider not the initially
given system of integrals but the following linear substitution of them,
which is, obviously, non-singular:

I]l = U}, v ..y "Jv.{}_r = Z;‘r;)-,r, I/p_r_}.l = "“"";'11(/71 T e e e T Yp__}_ {/Yp._r + Up.. r¥1
Vp=—yUy—...—v,_ [ Ups +Up

Since the expansions of the first p — r integrals begin with linearly
independent forms, it is clear that A, = ... = Ap_r = 0.

Consequently, in order to construct a bundle, the expansion of which
begins with a definite quadratic form, it is necessary and sufficient
that the function

* The coefficients are assumed to be symmetric.
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To=Dhprp1 V?}-r—}-? +oa V=

n

= Aporii 2 (— ¥t pijl —_ '-—Yp_?- pi?——r 4 Bi]p—ﬂ-]) ZiLi 4 .o
i, j=p—r41
n
D (Bt —— Yo Bi A Bif )@ + 27
i, jep-T+1

*

be definite with respect to X1t
Hence the problem is reduced to the possibility of selecting a definite

linear combination of forms with which the expansions

v SV

ceey Xpe

8
p—r+1’ "

begin.
However, it is possible to give an example, where it is impossible to
select such a linear combination, although the form Sp-_r is definite.

As an example consider the pair of quadratic forms
M, =22 —a2, M,=V2zz,
Any linear combination of these
M+ WM, =22+ 2V 222, — 2,°
is of variable sign. However, the form

Sy = (22— 22 + (V 2,2:)* = 2* + 2
is, obviously, definite.
Before giving an example, let us formulate a rule for obtaining the
form R for the case where

n
. . k .
Ur=ofz 4 ..o fofznd DBy 2z + X h=12...,p)
iy j=1
are holomorphic and time-independent integrals, and the rank of the

system of forms v, = @, "x, + ... + ankxn(k =1, 2, ..., p) is equal to
p - L.

1

(a) Solving the system of equations v, = ... = v, , =0 (under the
assumption that the minor made up of the first p - i columns of the
matrix of the system of forms Vys ey ¥ is different from zero), we

. p-1
obtain

a « & oy _
Ty=3, b R T apy = 0P By AL 8Py,

{b) Solving the system of equations
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alyp 4wl =l i=1,2...,p—1)

we findy,, ..., Yp-1-
(c) Substituting into the forms

n
}Saukxﬂ; k=1,2,...,p)
ij=1
for Xiv ees X, their expressions obtained after the operation (a), we
obtain the forms

bd 3
zﬁi;‘ws(bg‘ (=1, 2,...,p)
ij=p
Then R assumes the form
R= 3 (= —. . =y, 87+
i1j=p
6. As an example let us prove by the method of N.G, Chetaev and by the
proposed method a well-known theorem of Routh [3].

If the equations of motion of a mechanical system, which is conserv-
ative and holonomic, are written down in the Hamiltonian form

dp; oH dg; OH

_d?=—5§, ar = ép, (i=1,2,..n 6.1}
and the function H does not depend explicitly on time and the last n - k
generalized coordinates Tpprr 001 D then the system of equations (6.1)

assumes n — k + 1 first integrals

Pr+1 = g f1s evey Pn = %y, H= C
If for fixed a,,,, ..., a_ the system of constants
k1 n M
2NN AR a:° s G
represents a solution of the system of finite equations
oH _ _oH _oH _ _oH_,
9py~ T T dp, T Om Tt oy

then the equations (6.1) assume a solution of the form

Pp=pC - =0 @=q" s Gp =@  Prpr = Rkg1s oer s Pn = &y
OH \¢ O0H 0 )

X = — y aeey = (- f— .

Yh+1 ( 3Pk+q,) (t—1t,) gn (aPn ) (t—1) (6.2)

It was shown by Routh that the kinetic energy T of the system in
terms of the variables Pk+1' «ee, p, and qi, .++, 7, has the form

2 &ij ‘11‘72 + = Z Bi; pip;

ij=1 i, j=h-+1
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i.e, it will not contain terms of the form Géipj.

By virtue of the previous discussion it is easy to show that, if

Go= i — (0% G=gi—g® (=128
N = Pi— % (i=k+1,..., 0

and H is a holomorphic function of its variables in the neighborhood of
(6.2), and V denotes the potential energy of the system, then the ex-
pansion of the function H — (H)? in terms of the powers of Civ v 1y
will be of the form

— (H) Z (qz)“ TNi + 2 [2i5)° + vij] ;C; +

imk1 ijm1
i < 1\' <

+z D B mm +3[~2- D i +V]
i,j=k+1 1,j=k-+1

Here y ;. are functions which vanish when all the fl, ey fk are zero,
and S[f(ql, ceey gy denotes the variation of the function f(ql, ceer Q)
in the transition from the position (ql y ey qko) to the position
(ql + §1....,qk + &),

Routh showed that, if for the values of (6.2) the function

n
FbV=5 3 Bi(qn - @)%t +V (qrery @)
1 jmkt1

has an isolated minimum, then the motion is stable under the condition
that the constants a, ., ..., a, are not perturbed. As it was shown by
Liapunov [4 ], the last condition is not essential. Let us prove these
propositions. Since the functions H — (H)O, M et ns 7, are integrals
of the equations of a perturbed motion and the (q; )° are constants, the
function

M=H—H'— 3 (@) °u+ 3 Cad

k-1 i=k+1

representing an integral of the system of equations of a perturbed
motion, will for sufficiently large C; be a positive definite function of
61' ceny &4 {1, coer Cpo ”k+1' vy 1, provided that the function

[H - (H)Olnk+1=-..='n“=0 Z [(O(.” + Yu]c CJ + 0[ 2 ﬁwalcx, + V]

i,i=1 i J=k}+1
is positive definite with respect to fi, eves €y Civ vens &

The first sum will always be a positive definite function with respect
to {;, ..., {, for sufficiently small {fi!, <oy 1€4l, because
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Yij(§1’ veey &) vanish for == &, =0, and

kS
D) (i) Gl

4=l

represents a positive definite quadratic form with respect to the vari-
ables 41, cors $pe

Hence the function M will be positive definite, and the motion stable,
1f the function F + V has an isolated minimum for the values qlo, cees qko.

The proof is completed by the method of Chetaev.

Examination of the function

QU — (HY, Mg, oot = [H— (HPP 4 3) 7
i=k+1
also leads us to the conclusion that it will be a positive definite
function of £, {,, n,; provided that the function

}] - (H)Gl’nk+1=... =Np =0

is positive definite with respect to the variables fl, ves, fk,
Cl, ey gk. The latter will be positive definite if the function F + V
assumes an isolated minimum at the position [(éi)o, qio].

This proof, as is easily seen, illustrates the case of Section 4,
since p = n~ k + 1 and the rank of the matrix of the linear parts of the
known integrals is equal to n - k,
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