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L Let the equations for perturbed motion be 

d~=xi~3T~,...,z,, t) @=I, 2,...,n) w 

It is known that these admit p < n first integrals 

U1(2r,...*r.n, t),...,LjP(Xl,...,~~,t) 

which vanish for x1 = x2 = . . . = x,, = 0. 

If we succeed in finding a function (f, (U,, ,.., Up) of the known 

integrals, this function being definite with respect to the variables 

Xl' **'I n,, then the stability of motion f l] can be deduced without 

bringing into consideration other properties of the equations for per- 

turbed motion. 

It is natural therefore to begin the investigation with an examina- 

tion of the conditions under which the simplest function of the known 

integrals, this function being a function of fixed sign, 

9W 1, . . . , U,) = u,2 (x1, . . . , Tn, t) -t_ . . * + up2 (2-1, . . . , xn, t) 

is definite. 

Ihe following theorem holds. 

IIzeorem 1. In order that there exists any definite function 95 (U,, 

*.., Up,, of the known integrals, it is necessary and sufficient that 

the function 

qJ(G, * * . , TJ,,) = Lr12 (.rl, . . . cc,&, t) Jr . . . + up2 (z, . . . , x,,, t) 

be definite. 

Necessity. Assume that a positive definite function $I (U1, . . . . Up) 
exists, whereas the function + (U1, . . . . Up) is not definite. 
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According to the assumption the function # (U1, . . . . U ) = f(x,, . . . . 
x,,, t) vanishes for x1 = x2 = .., = xn= 0. Since all the Actions 

for the zero value of the x’s, it follows that 
UP) must necessarily vanish. 

In fact, U,CO, ..*, 0, t) = . . . = UPtO, . . . . 0, t) = 0; consequently, 
q5 (0, . . . , 0) = f(O, . . . , 0, t) = 0. 

If the function f(z,, . . . . x 
? 

) t) is positive definite, there exists 
a positive definite functionf% nl, . . . . nn), independent of the time, 
such that .f(zl, ,.*, rn, t) > fl(xl, . . . , xn) for all t > tO. 

If 8 (E ) is a positive minims of the function f 
small sphere x1* + x2’ t . . . + nn2 = t, and ifs (6 f 

(x,, . . . , xn) on the 
> 0, then there 

must exist a positive number 8, (8) such that on the small sphere, 
4’, q, . . . . UP) > s,LHc )I. 

In fact, if such a number did not exist, the function $I (Cl,, . . . , U,) 
could become as small as desired on the sphere x1* + x2* c ..* + xn2 = 6 
and, because of its continuous dependence on fJ1, . . . . UPI the function 

$i5 q, . . . ( up’ = f(X1’ . . .) x,, t) could also become arbitrarily small. 
Since the last function, according to the assumption, is bounded from 
below on the sphere, the function 1; (I:, , . . . , Up) satisfies the condition 

$J (Ui, “.I UP) > S,[6 (c > J > 0 and is positive definite. 

‘ke sufficiency follows from the statement of the problem. 

2. Continuing our discussion of the problem, let us prove the follow- 
ing theorem. 

7korem. The function Ir, W,, . . . . UP) will be definite only when for 
at least one of the integrals, say, Ui (x,, . . . , x,, t ), it is possible 
to find a pair of definite functions 

such that 

whenever 
s,2+ ..* +s,z> 0 

u,a + I. . f”i_~+Ui~‘f+~~‘$U~2<r/i(:).~2t_...+X~2) 

Necessity. If q+ (U,, , , . , U,) is definite and W(x,, . . , , x,) is also 
definite and such that II, (II,, ,. . , Up) > IV when nl* + . . . + LX,,’ > 0, 
then 

+(u,,*‘., L’,) > W,” + . . . + 5n2), 

where 8 (xl2 -I- 
xi* + 

*.. + xn 
. . * + xn* = t ) 

2 1 is the minimum of W(x,, . . . , x,,) on the sphere 
and also, as it is not difficult to show, is a 

continuous and definite function of the square of the radius. Since 

$(V,,.+., U,) =tJl”.t . . . i- U,,z 
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we can put 

r{ (Xl” + B . s 2n2) = pi (Z12 + * a s + 2,‘) = 5 b (Z12 + s * - -I_ 2n2) 

Sufficiency. The conditions of the theorem will be satisfied by the 
function 

W = xnin [pi (xl2 + . . . + rn2), ri (xl2 f . . . + zn2)] 

which, obviously, will be continuous and definite, provided there exist 
continuous and definite functions 

pi (zla + ’ . ’ + ~~‘), Pi (q2 + . . . + xn2) 

From the proof it also foIlows that, if it is possible to select such 
a pair of functions for any one of the integrals, then it can also be 
selected for any other integral. 

‘Ihe practical significance of the mentioned theorem will become 
evident in that car+& for which U1, . . . . 
time. 

UP do not depend explicitly on 

coral zury. If ul* l .* * U do not depend explicitly on time, then, in 

order that t+!~ Wz, **., U 1 !e definite, it is necessary and sufficient 
that at least one of the’f~~ti~s ~i(rl, a.., ml assumes only positive 
values at all points, other than x1 = . ,, = xn = 0, for which 

ui (q, . . . ccn) = I . . = vi-1 (q, . . * , L&J = 

= ui+1 (x1, . . . ,3&) = . . . up (Xl, . . . ( zn) = 0 

Moreover, if the last condition is satisfied by at least one of the 
functions Vi (X,, . . . . x,), then it is satisfied by any other function. 

‘lbe proof of this proposition is omitted. 

Ihe last result essentially simplifies the problem when, from any 

P- 1 equations 

u, = I . * = u,, = u&+.t = . * . = u, = 0 

it is possible to express any p - 1 variables, say x~_,+~, 
term.9 of rl, 

. . . . r,, in 
l ... x ?I-ptl : 

G--p+2 = fi (519 * . . t &I-p+l) * * . Xn = fp-_l(21~ * . * 2 G-p+1) 

If this can be done, then the problem of the definiteness of 

$ q, **at UP’ will be determined from the definiteness of the function 

v (3521, * * ',k--p+x)= Ui(%, * * * 3%+-Ppfll fr* ** -,fp-1) 

with respect to the variables xi, .**, zrn_Pl. If, however, the above 
mentioned operation can be carried out, but with fewer variables, then 
the problem will be solved by examining the definiteness with respect to 
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x1’ l **J xr,_flk of the function 

which depends on less than n variables x1, . . . . x~_,+~. Here 

%a--r_lfX+l=]l(% * . . ,%--,+k). ..xn=fp-k(x1,. . .,xn---p+k) 

are the result of solving the equations Uktl(~l, .,., x,) = ,.. = 

Up&‘ "., n,> = 0 with respect to the last p - k variables. 

3. Assume that the time-independent integrals U,, .*., UP, being 

holomorphic functions of ths variables xi, . . . . xa, are of the form 

Uk = arkxl + . . . + an’%+ i aikXiXj + Xk (k=l, 2...p) (3.1) 
i,j -1 

k where czi , uij ’ are constants, and X,, . . . . XP functions which do not 

contain terms of lower degree than 3 with respect to the variables. 

Consider the following cases: (a) the rank of the matrix (ai') is p; 

(b) the rank of the matrix (aik) is less than p. If the rank is p, then 

the linear forms 

are independent of each other. 

Taking them as the new variables instead of x1, . . . . xP, rewrite (3.1) 

in the form 

where Pijk are constants, and Xi, . . . . Xi are hol~orphic functions of 

u, l .*, v , n 
ti R “” 

n which do not contain terms of lower degree 

t an 3 wit rerpi;t to the" variables. 

If the first p - 1 equations of (3.2) are solved for v!, . . . . up-r as 
power series of II,, . . . . IJp_l, 
tion will assume the form 

up, x,,+~, . . . . x,,, then this unique solu- 

i=l j-P+1 
+=-Pi-l 

(k==l,Z,...,p-I) 

where Y,, . . . . YP_l are functions of the same tyPe as Xl1 es*, 5. 
If u,, l **r UP"1 are put equal to zero and the result so obtained is 
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substituted into the last equation of 13.21, then 

uop = Z’r + /q&c; f p;j Z’pXj + 

j-N-1 i.j--P+1 

is obtained, where Z is a function of v 
not less than 3. 

P’ 
xP+l’ l **s x,, the degree being 

From the last equation it is seen thatUpocan assume values of differ- 
ent signs, depending on the sign of v , Hence, on the basis of the 
Corollary of Section 2, we conclude &at from the functions tJ1, . . . , Up 
it is impossible to construct a definite integral. 

4. If among the forms vl, . . . , v , p - 1 are 
responds to the case when the rank gf the matrix 

inde endent, 
f 

which cor- 
(ai ) is p - 1, then 

these p - 1 linear forms can be taken for the new variables. let such 
forms be ul, . . . . up-L’ and let the form v in terms of them be of the 

form VP = yl”i + . . . + yp_luP_l’ ‘lhen the Equations (3.2) assume the form 

i,j-1 i-1 W-p 
?-=P 

n . 

up = YlVl + * * . + yp_lDp_l + z1f3ij" ViVj + ‘ilpijp vi Xj + $J BipXiXj + Xp’ 

5, j-l i-1 i,j==p 
j-n 

&Solving the first p - 1 equations with respect to vi, ..*, 
obtain 

vP_lS we 

I‘ 

vh. = iJ,+ - %l pij” Ui Uj - Fai; UiXj - i /3ij” XiXj + YK 
Lj-1 i-l &i-p 

j-p 

Putting Vi, ‘.., U p,lequal to zero in these equations, we obtain 

n 
2’3;’ = - 2 fJij’&Sj + Yf;O (k=1, 2,.*.,&J--2) (4.1) 

i, j-=P 

where Yio, . ..) Y,-! are functions of Y1, . ..) Y 
p-1 

when U,, . ..) u 

are all equal to zero. 
p-1 

Substituting the expressions (4.1) into the last equation of (3.21 we 
obtain 

i. j-p i. j=p i, j==p 

where Z is a hol~rphic function with respect to xP, a**, Xn’ of degree 
not lower than three. 
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If the quadratic form 

is definite with respect to x 

u ) = q2 + l ** + UP" 
P’ 0.1, Xn’ then the function +G (Ui, ,.., 

sPtable. 

will also be definite, and the unperturbed motion 

If, however, this form is of variatle sign, then it is impossible to 

construct from the given integrals a definite function. 

If the rank of the matrix (cz.~) is p - r, then replace x1, 

in the equations (3.1) Ly the ntw variables vl, . . . . vp_r 

.a., x 
which are 

P-' 

linearly independent linear forms. Solving the first p - F equations with 

respect to vl' . . . . v 
p-r’ 

we obtain 

*ll, 

I'& G Uk - y pi; UiUj - C ,3iF UiXj - i pi;XiXj + Yk 

i, j-1 i==l 
j-P-r+1 i‘j-p--r+l (kz1,...,p_rr) 

Putting U1, . . . . Up_r equal to zero, we obtain 

Yk" = - i /+&zj $- I"h.0 (k=l,...,p-r) 

i, j-p-r+1 

Assuming that u~_~+~, . . . . up can be expressed in terms of vl, . . . . 

up-r in the form 

qJ"--r+1 =ylf~l+...+y~__:2)p-rr~..rlip=:yl~ljl+...+yp_~Up_-r 

after the substitution of vl', . . . . v P_", into the last r equations of the 

system (3.21, we obtain 

u ’ = p-rfk $J j-ylk pij’ - . . . - ‘{p_i--,ji&pdr + f$y-““1 SiXj + _Tp_r+E 

i, j-p-r-i-1 
(k = 1, 2, . . . , 1.) 

where X ' 

cl 
pNp+l' ***p xp" are functions of XP_til, . . . . Xp when U,, . . . . 

p_r are all equal to zero. 

hs it was shown in Section 2, the function !+ (I!,, . . . . Up’ will be 

definite only when the function 

(U+.+f)* + . . . + (U,O)? (4.21 

is definite with respect to x p_r+l' l *-r x** 

lhe expansion of the function (4 .21 in terms of the powers of the 

variables begins with the form of degree 4. 

s,_,. = i [ i (_- yl” i&j’ - . . , _ yp_; piy + g+“+‘i) 2.i,?‘j]? 

h-1 i, j-p-r+1 
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For the definiteness of the function (4.2) it is sufficient that Sp_r 
be definite with respect to x~__+~, *.*, xa’ 

When the rank p - P (r > 0) of the matrix (sib) does not change with 
time and the modulus of at least one of the minors of order p - r of the 
given matrix always exceeds a certain constant, then the method outlined 

k can be carried over completely to the case where ai , a. ' and the 
remaining coefficients of the expansion are continuous zd bounded 
functions of time. 

Also it is not difficult to show that $ (U1, . . . . Up’ will not be 

definite when the indicated rank for at least one instant of the time 
t > t0 becomes equal to p. 

5. Gtnsider now the question of the connection between the outlined 
method and Chetaev’s 12 1 method of selecting a definite linear bundle. 

let us indicate briefly the method of Chetaev, If the given time- 
independent integrals are holomorphic functions of the variables, then 
the constants A,, . . . , XP, C 

1’ . . . . 
the expansion of the function 

CP are selected in such a way that 

X VJ1l . * . , U,) = i.,lJ1+ . * . $ &!IJ, + cg7,2 + . . . + c,lJ,2 

begins with a definite quadratic form. 

By the theorem of Section 1 such constants can be selected only when 
the function 1,5 (ifi, . . . , Up) is definite. 

If the rank of the matrix (ai’) is p - 1, the hi and Ci can always be 
selected in such a way that the conditions for the definiteness of the 
quadratic form, with which the expansion of the function x (U1, . . . , up) 
begins, coincide with the conditions for the definiteness of the 
quadratic form R with respect to x , ..*, Xr&* 
selection of A,, . . . , A, is unique P y possible 

Put 

Then 
i.,=-yl )...) ~.p_-l-_-y p- 1' 

In fact, in this case the 
except for a cannon factor. 

) 1 ‘p = 

+ 2 (-y&f - e . * - Yp-1 ai7-I + pip) ViXj + 2’ 

i-l 
j=P 

where Z’ denotes the totality of terms of order not less than 3, or, 
using some abreviated notations, 

11 

K = “i bijvivj + 5r’Jij vi ~j + i I)ijxiXj + 2’ 

i,j-1 i-1 
j-P 

i, j-P 
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If R is definite, then* 

0 %I n-1 nn . 
&I, > 0, >o, . . . , 

0 n-1 %-I, n-1 

and, in addition, 8,_,, n_l > 0, . . . . 8,, > 0. 

Since 

6 nn * . * e np 

. . . . . . 

e pn . * . e pp 

>O 

x w19 9 * . , Up) = K + C;U12 + . . - + ~,-,~,,_: 

(the suavnation is to be performed up to p - 1, since vvp depends linearly 

on 21 
3' 

.**, u 

sufficiently f 
_l), it is clear that C can always be selected 

arge so that the inequa 

e n-n *** 0 * n, P-l e nn * * . 0 ni 
* 0 . ..I....... 1. >o. *. , . . . . . . . . . 

e p--J,n + * - 6 p-1, p-1 + C;*-l 0 1% . * * *I, + G 

are satisfied. 

'lhe fulfilment of these inequalities is sufficient in order for the 

expansion of the function x (U1, . . . . Up) to begin with a definite 

quadratic form. 

A similar statement, however, cannot be made if the rank of the matrix 

(aikl is less than p - 1. 

It is easy to show that from the known integrals a definite bundle can 

be constructed only when it can be constructed from any system of p 

integrals, each of which is a linear combination of the initially given 
integrals, and the linear substitution is non-singular. 

In what follows it is more convenient to consider not the initially 

given system of integrals but the following linear substitution of them, 

which is, obviously, non-singular: 

I’, = U,, . . . , Fp_-r = U$,__,, Clp_-r+I = - yr’U, - . * * - yl,_‘, U,._, + u,-. r.l-1 

v, = - yrx-r - . . . - r,_; ql-t + u, 

Since the expansions of the first p - r integrals begin with linearly 

independent forms, it is clear that A, = . . . = A,_, = 0. 

Consequently, in order to construct a bundle, the expansion of which 

begins with a definite quadratic form, it is necessary and sufficient 

that the function 

* The coefficients are assumed to be symmetric. 
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be deflntte with respect to xP__+r, . . . . x,. 

Hence the problem is reduced to the possibility of selecting a definite 
linear combination of forms with which the expansions 

begin. 

However, it is possible to give an example, where it is impossible to 
select such a linear combination, although the form SP_r is definite. 

As an example consider the pair of quadratic forms 

nr, = rrz - Gs, MS = 14 XIX% 

Any linear combination of these 

M, + I.,%$, = 2q -f- 2. y’z s,Zrz - 52% 

is of variable sign. However, the form 

s2 = (5r2 - Z,‘)? + (J&,s,)? = Zrd + 2%” 

is, obviously, definite. 

Before giving an example, let us formulate a rule for obtaining the 

form R for the case where 

are hol~orphic and tin-independent integrals, and the rank of the 
system of forms vk = olkrI + ,.. + ankrnfk = 1, 2, . . . . p) is equal to 

p- 1. 

(a) Solving the system of equations v1 = . . . = v _1 = 0 (under the 

assumption that the minor made up of the first p - f columns of the 

matrix of the system of forms ul, .“, up-1 is different from zero), we 

obtain 

51 = Sp’x, -I- . . . + 8,1x,, . . . :rp__l = Q--I xp + . . . + QJ--15,2 

(b) Solving the system of equations 
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Cci’yl $- . . . -I- ai3J-1yI,_I = Xi’ (i=l, 2,...,p--1) 

we find yl, . . . . Y,_~. 

(c) Substituting into the forms 

~ailk5~5j (k= 1, 2,...,1_‘) 

ij=l 

for x1, ..*, xP their expressions obtained after the operation (a), we 

obtain the forms 

$pifZiZj jk = 1, Z,...,p). 

ij-p 

Then R assumes the form 

6. As an example let us prove by the method of N.G. Chetaev and by the 

proposed method a well-known theorem of Routh 13 3. 

If the equations of motion of a mechanical system, which is conserv- 

ative and holonomic, are written down in the ~~iltonian form 

dPi aH -=-- 
dt %i P 

dq, BN 
-&- = api (i = 1, 2, . . . n) (6.f) 

and the function H does not depend explicitly on time and the last n - k 
generalized coordinates qbl, a’*, q,, then the system of equations (6.1) 

assumes n - k + 1 first integrals 

PA+I = ak+l, . . . , Pn = %I, H=C 

If for fixed ahl, . . . . a,, the system of constants 

PI", a** 3 Pkif, ql”t --* I QkO 

represents a solution of the system of finite equations 

then the equations (6.1) assume a solution of the form 

qk+l = ($-y(t-t,), .**, qn =(~)OWo) (6-2) 

It was shown by Routh that the kinetic energy T of the system in 

terms of the variables pktl, ,.., p, and ql, . . . . ik has the form 
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i.e. it will not contain terms of the form &yipj. 

By virtue of the previous discussion it is easy to show that, if 

(i XZ ii - (ii)‘**-. 9 Ei = Qi L_ qi” (i = 1, 2, . ..) k) 

+f/i = Pi - ai (i = k+ I,... ) n) 

and H is a holomorphic function of its variables in the neighborhood of 

(6.21, and denotes the potential energy of the system, then the ex- 

pansion of the function H - (HI0 in terms of the powers of Lit 5i, q i 
will be of the form 

n k 

If - (f-0” = 2 Gi)“rji + 2 2, Iaij)* + yijl C&j + 
i-k+1 i&-l 

i, j=k+l i,j-k+l 

Here yij 

and Nf(q,, 

are functions which vanish when all the [,, . . . . tk are zero, 

. ..) qk)I denotes the variation of the function f(ql, . . . , qk) 
in the transition from the position (qlo, ,,., qk* ) to the position 

(s,O + 5,..* l ,qko + &I. 

Routh showed that, if for the values of (6.2) the function 

&j-v=+ 

i,j-k+l 

has an isolated minimum, then the motion is stable under the condition 

that the constants aktI, . . . . a, are not perturbed. As it was shown by 

Liapunov [4 I, the last condition is not essential. Let us prove these 

propositions. Since the functions H - (H)O, qbl, . . . . 77, are integrals 

of the equations of a perturbed motion and the (ii)’ are constants, the 

function 

iw = H - (Is)0 - 2 (4iYrji + 2 ciyi2 
I 

i=k+l i-k+1 

representing an integral of the system of equations of a perturbed 

motion, will for sufficiently large Ci be a positive definite function of 

E 1’ 
. . . , ck, 5,) . . . , rk, vkl, . . . , q,,, provided that the function 

IH - (H)o~~k+,=-..P=-rl,,~O = i [(aij)” + yijl CiCj + 6 [& 5 

i, j-1 i,j-k+l 
pijaiaj + V] 

is positive definite with respect to c,, . . . . fk, L,, l .*, rk’ 

Ihe first sum will always be a positive definite function with respect 

to& *a*, Ck for sufficiently small 1 t,I , . . . , ft& , because 
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$J (Uij)” iiCj 

i,j=l 

represents a positive definite quadratic form with respect to the vari- 

ables [IS .*‘% <&’ 

if 

Hence the function M will be positive definite, and the motion stable, 

the function F + V has an isolated minimum for the values qIo, . . ., q&‘. 

The proof is completed by the method of Qletaev. 

Examination of the function 

also leads us to the conclusion that it will be a positive definite 

function of ti, ci, qi provided that the function 

If - (ff)Ol_rl*+l-... =vn.4 

is positive definite with respect to the variables E,, . . . . t&r 
5 . . . , ck. ‘Ihe latter will be positive definite if the function F + V 
a&me, an isolated minimum at the position [ (;li)O, qio I. 

This proof, as is easily seen, illustrates the case of Section 4, 

since p = n - K + 1 and the rank of the matrix of the linear parts of the 

known integrals is equal to n - k. 
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